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Abstract. – Recently observed splitting in angular resolved photoemission spectroscopy
(ARPES) on Bi2Sr2−xLaxCuO6+δ high–temperature superconductor (Janowitz C. et al., Euro-
phys. Lett., 60 (2002) 615) is interpreted within the phenomenological Luttinger–liquid frame-
work, in which both the non–Fermi liquid scaling exponent of the spectral function and the
spin–charge separation are introduced. The anomalous Green function with adjustable param-
eters fits very well to the Fermi edge and the low–energy part of ARPES along the Γ−M line
in the Brillouin zone. In contrast to one–dimensional models with Luttinger–liquid behavior
we find that both the anomalous scaling α and the parameter δ describing the spin–charge
separation are momentum dependent. The higher–energy part of the spectra is not accounted
for by this simple Luttinger–liquid form of the Green function. In this energy regime additional
scattering processes are plausible to produce the experimentally observed wide incoherent back-
ground, which diminishes as the inverse of the energy.
The understanding of physical properties of high–temperature superconductors and, in
particular, of their normal phase properties, is a notoriously difficult problem for more than 15
years. The absence of the Fermi–liquid quasiparticles in the normal state at the optimal doping
or in the underdoped regime, that was concluded on the basis of thermal, photoemission,
or transport experiments [1], has given rise to the search for a non–Fermi liquid theory of
high–temperature superconductors [2]. Despite of many microscopic and phenomenological
approaches, the problem of finding the theory for high–temperature superconductors has not
yet been resolved.
In a microscopic approach to many–body systems one investigates suitable correlation
functions, usually within the renormalized perturbation scheme [3]. From these functions
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physical properties of the system are determined and compared with experimental results. In
a macroscopic (phenomenological) approach one starts with a certain expression for either the
thermodynamic potential (e.g. from a Ginzburg-Landau functional [4]) or correlation function
[5, 6], which have adjustable parameters that are fixed by fitting the results to experimental
data. Only in a limited number of cases the macroscopic approaches are traced back to
microscopic theories. Nevertheless, the power of the phenomenological approach lies in its
ability to explain physical properties of real materials and, sometimes, allows one to guess
some features of the albeit unknown microscopic approach.
In the macroscopic Fermi liquid theory the proper single-particle excitations are the quasi-
particles, which remain in one–to–one correspondence with the states of noninteracting elec-
trons and turn out to be the exact single–particle excitations near the Fermi surface at zero
or low temperatures. In the microscopic theory these quasiparticles occur as single poles near
the real axis on the complex energy plane in the retarded one–particle Green function G(k, ω),
where k is a momentum and ω is an energy. These quasiparticles are seen as sharp peaks in
the spectral function A(k, ω) ≡ −(1/π)ImG(k, ω) appearing on the top of an incoherent back-
ground. The angular resolved photoemission spectroscopy (ARPES) data taken on one– and
two–dimensional metallic systems can be interpreted as a direct probe of the spectral function
A(k, ω), multiplied by the Fermi–Dirac occupation function, and convoluted with the appara-
tus function. This experimental technique was used to show that TiTe2 is a two-dimensional
Fermi liquid [7].
The canonical example of the non–Fermi liquid theory is provided by the exactly solvable
Tomonaga–Luttinger model of interacting electrons propagating in one spatial dimension. The
one–particle Green function in that case does not have any poles representing the electron–
like quasiparticles. Instead, it has branch cuts on the real energy axis and is characterized
by a non–universal exponent α, which depends on the strength of the electron–electron in-
teraction. Physically speaking, if a single electron is either injected into or emitted from
this one–dimensional system, it gets fractionalized into the whole bunch of exact one–particle
excitations of this system, the holons and the spinons, carrying respectively the charge and
the spin. Such an electronic system is called the Luttinger liquid. The absence of quasi-
particles in ARPES and the signatures of the spin–charge separation were reported in few
experiments performed on effectively one-dimensional metallic compounds [8–10]. Recently,
the spin–charge separation was suggested [11] in ARPES carried out on a two–dimensional
high–temperature superconductor.
In the present Letter we investigate the ARPES data for Bi2Sr2−xLaxCuO6+δ high–
temperature superconductor [11] within a macroscopic framework. Namely, we fit the pro-
posed phenomenological the Luttinger–liquid Green function with few adjustable parameters
to these data. We show that those data can be consistently interpreted within the Luttinger
liquid approach, in which the spin–charge separation occurs. We find that the parameters ap-
pearing in the one–particle Green function are momentum dependent, which is in contrast to
the one–dimensional Tomonaga–Luttinger model, where these parameters are universal. From
this fitting procedure we determine the dispersion of the holons and the spinons. However, a
high–energy–tail scaling as 1/ω represents probably an incoherent background, which cannot
be accounted for within our phenomenological scheme.
The one–particle Green function for a Luttinger–liquid state in higher space dimensions
may be proposed in the following general form
G(k, ω) = g
ωµ+ν−1c e
iφ
(ω − ǫc
k
)µ(ω − ǫs
k
)ν
, (1)
where ǫc
k
(ǫs
k
) is the momentum (k) dependent charge (spin) one–particle excitation dispersion
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relation, µ and ν are k–dependent anomalous scaling exponents in the Luttinger liquid theory,
ωc is the energy cutoff, φ is a phase to be fixed, and g is a normalization coefficient [12]. When
ǫc
k
= ǫs
k
the Luttinger–liquid Green function with only anomalous scaling is recovered [13]. If
µ = ν = 1/2 the Luttinger–liquid Green function with only spin–charge separation is obtained.
In the limit when both ǫc
k
= ǫs
k
and µ = ν = 1/2, the expression (1) represents the Fermi
liquid with no damping of the quasiparticle states. In general case, the exponents µ and ν
and the phase φ are to be constrained by other fundamental assumptions.
As in the low–energy Fermi liquid theory with linearized dispersion relation, we assume
that the spectral function obtained from (1) is particle–hole symmetric, i.e. A(k, ω) =
A(−k,−ω) [13]. Then, the following physically distinct cases should be considered: (i) µ =
ν = 1/2 − α and (ii) ν = 1/2 and µ = 1/2 − α, where 0 ≤ α ≤ 1/2 in both cases. In
the case (i) both the holon and the spinon singularities on the complex energy plane diverge
with the same exponent, which in turn leads to the same height of the two peaks appearing
in the spectral function. The normal– and the superconducting–state properties of the Lut-
tinger liquid corresponding to the case (i) were investigated in Ref. [12]. However, the recent
ARPES experiment [11] has shown that the heights of the holon and the spinon peaks are
significantly different, that is consistent with the case (ii), also studied in Ref. [14]. Guided by
these experimental results, we choose the Luttinger–liquid Green function corresponding to
the case (ii). In addition to the particle–hole symmetry, we postulate the absence of relevant
and marginal interactions in the spin sector on the microscopic level. In result, the spinon
dispersion relation is not renormalized, i.e. ǫs
k
= ǫk, where ǫk is the bare–band dispersion
relation. The holon dispersion relation is renormalized by the interactions and we assume
that ǫc
k
≡ δ(k)ǫk, where δ(k) ≥ 1 is a k–dependent parameter measuring the magnitude of
the spin–charge separation. Note that in the exact one–dimensional theory the parameters α
and δ would not be momentum dependent.
Our phenomenological one-particle Green function can be rewritten in the form
G(ǫk, ω) =
ω−αc e
iφ√
(ω − ǫc
k
)(ω − ǫs
k
)
g(α, δ)
(ω − ǫc
k
)−α
, (2)
where now α = α(k) is the anomalous k–dependent scaling exponent in the Luttinger liquid
theory. The particle–hole symmetry fixes the unknown phase factor at the value φ = −απ/2.
The spectral function has then the form:
A(ǫ, ω) =
g(α, δ)ω−αc
π
{
sin
(πα
2
)[ Θ(ω − ǫs)Θ(ω − ǫc)
(ω − ǫs)1/2(ω − ǫc)1/2−α +
Θ(ǫs − ω)Θ(ǫc − ω)
(ǫs − ω)1/2(ǫc − ω)1/2−α
]
+
cos
(πα
2
)[ Θ(ω − ǫs)Θ(ǫc − ω)
(ω − ǫs)1/2(ǫc − ω)1/2−α +
Θ(ǫs − ω)Θ(ω − ǫc)
(ǫs − ω)1/2(ω − ǫc)1/2−α
]}
,(3)
where ǫs = ǫ ≡ ǫk, ǫc ≡ δ(k)ǫ, and Θ(x) is the Heaviside step function. We fix the cutoff at
ωc = 1 eV to set the energy scale. Obviously, the results for A(ǫ, ω) should not be dependent
on the value of ωc.
The ARPES intensity, within a constant transfer matrix–approximation, is given by the
convolution
I(ω) = I0
∫
dω′A(ǫ, ω′)f(ω′/kT )R(ω′ − ω), (4)
where T is the temperature, f(x) is the Fermi function, and R(ω) is an apparatus resolu-
tion function assumed in the Gaussian form R(ω) = exp(−ω2/2σ2)/
√
2πσ2. The phenomeno-
logical parameters α(k) and δ(k) are determined by fitting I(ω) to the ARPES data for
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Fig. 1 – Selected ARPES data (dots) from Ref. [11] and the fitted spectral intensities (solid lines)
within the Luttinger liquid phenomenology for different |k| vectors along Γ − M direction of the
Brillouin zone. The |k| vector values are in A˚−1 units.
Bi2Sr2−xLaxCuO6+δ compound with x = 0.4 for different values of the ARPES angle ϑ cor-
responding to different k [11]. Also, the value of ǫ = ǫk for given k is kept as a fitting
parameter and thereby exempting us from additional assumptions on the hopping integral
amplitudes within a tight–binding model of the electronic structure. We take T = 35K and
σ = 0.016 eV [11].
The Bi2Sr2−xLaxCuO6+δ high–temperature superconductor (Tc = 29K at the optimal
doping x = 0.4) is a prototype of a system with a single CuO2 layer. The large separation
of the CuO2 layers makes the system essentially two-dimensional in the normal state; no
bilayer splitting of the band is expected. The occurrence of the two–peak structure in ARPES
along the Γ −M direction in the Brillouin zone [11] is interpreted as the Luttinger–liquid
behavior in this system, as discussed below. The splitting cannot be attributed to the 1× 4.8
superstructure of the CuO2 planes, as the split bands obtained in this manner cannot be fitted
to the experiment.
Selected ARPES data along Γ − M [(0, 0) − (π, 0)] direction in the Brillouin zone [11]
and the fitted to them the intensity function I(ω), are shown in Fig. 1. As one can see,
the Fermi edge region and the two–peak structure are very well reproduced by the spectral
function form (3). The higher energy tails are not accounted for by our low–energy Luttinger–
liquid Green function [15]. In Fig. 2 we provide the |k| dependence of the phenomenological
parameters α and δ. The anomalous scaling exponent α is seen to decrease as one probes
the system for higher k values along the (0, 0)− (π, 0) direction. The spin–charge separation
parameter δ turns out to be non–monotonic function of k having a maximum around the
middle point of the Γ−M line.
In Fig. 3 we plot the determined from the fitting dispersion relations ǫc
k
for holons and
ǫs
k
for spinons along Γ −M direction. Because of the interaction–induced renormalization,
the holon excitations disperse more strongly then the spinons. These two Luttinger–bands are
qualitatively similar to those obtained in [11], where they were represented by two separate
Lorentzian spectral functions. A very small difference is found near the (π, 0) point, where
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Fig. 2 – Anomalous scaling exponent α(k) (upper panel) and spin–charge separation parameter δ(k)
(lower panel) as a function of momentum |k| (in A˚−1) along the Γ −M direction.
ǫc
k
≈ ǫs
k
in our case. This difference might be caused only by a numerical uncertainty of the
two procedures.
The presented comparison between the theory and the experiment allows us to conclude
that the ARPES data on Bi2Sr2−xLaxCuO6+δ compound are consistent with the Luttinger
liquid approach, in which both the spin–charge separation δ and the anomalous scaling α
are present at the same time. This macroscopic investigation might also cast some light
onto a possible microscopic theory of high-temperature superconductors. Namely, in the
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Fig. 3 – Dispersion relations for spinon (squares) and holon (diamonds) excitations along the Γ−M
direction.
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one–dimensional systems of electrons interacting with short–range (screened) interaction, the
Luttinger–liquid parameters α and δ were momentum independent. Here we find a significant
momentum dependence of these parameters, that might suggest that the two–dimensional
theory of the correlated liquid would be more complex. This conjecture is also supported
by the absence of the spin–charge splitting in the ARPES data along Γ− Y direction in the
same compound [11]. In brief, one can say that the parameterization of the Green function
– in terms of branching cuts (here) and in terms of poles (as in the Fermi liquid theory [16])
– represent two complementary ways of viewing this two-dimensional system: the former
represents the extrapolation of the concept of quantum liquid from one dimension, whereas
the latter utilizes the extrapolation of the concept of the Fermi liquid from three dimensions.
It is tempting to say that this two-sided possibility of viewing the electronic states in CuO2
planes means that the lower critical dimensionality for these system is dc = 2.
Finally, we note that the phenomenological Green function (1) seems to describe only
the low–energy part of the experimental spectra. The higher–energy spectral tails give almost
one–half of the total spectral weight, as might be inferred from the fits in Fig. 1. Moreover, we
note that this higher energy tails diminish as A(ǫ, ω) ∼ 1/ω, which is slower then the expected
asymptotic decay of the one-particle spectral function for interacting fermions. We do not
believe that the 1/ω dependence represents the asymptotic high–energy tail when ω → ±∞ [3].
This is because the tail extends from ω ≃ 0.25 eV , i.e. from the energy range, where the
intrinsic many–body dynamics is still very important. It is plausible that other scattering
mechanisms, not present in the strictly one–dimensional theory, are responsible for this slow
decay of holons, as well as for the broadening at higher energies. This observation cannot be
quantified further within our phenomenological approach. Nonetheless, it might be used as
an additional constraint in searching for the theory of high–temperature superconductivity.
In conclusion, we have presented the first quantitative analysis of photoemission spectra
for the cuprates in terms of the Green function with branching cuts. The detailed analysis of
the ARPES data for Bi2Sr2−xLaxCuO6+δ compound showed that they can be parameterized
by a two–dimensional Luttinger liquid approach. This approach has still to be modified
with respect to its one–dimensional correspondent to account for the high–energy part of the
spectra. Also, the macroscopic parameters should be momentum dependent and additional
scattering channels for the charge excitations should be added to the present approach.
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